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Abstract 

M. Kobayashi introduced a notion of duality of weight systems. We 
tone this notion slightly down to a notion called coupling. We show that 
coupling induces a relation between the reduced zeta functions of the 
monodromy operators of the corresponding singularities generalizing an 
observation of K. Saito concerning Arnold's strange duality. We show 
that the weight systems of the mirror symmetric pairs of M. Reid's list 
of 95 families of Gorenstein K3 surfaces in weighted projective 3-spaces 
are strongly coupled. This includes Arnold's strange duality where the 
corresponding weight systems are strongly dual in Kobayashi's original 
sense. We show that the same is true for the extension of Arnold's strange 
duality found by the author and C. T. C. Wall. 



Introduction 

The mirror symmetry of Calabi-Yau threefolds has attracted the attention of 
many physicists and mathematicians. One- and two-dimensional Calabi-Yau 
varieties are elliptic curves and K3 surfaces respectively. It is well-known that 
there exist 3 families of weighted projective elliptic plane curves. The cones 
over these curves are the simple-elliptic singularities of type Eq, E-j, and Eg 
(see below) . They are self-dual with respect to mirror symmetry. 

M. Reid classified and listed all families of K3 weighted projective hyper- 
surfaces with Gorenstein singularities (unpublished). It turned out that there 
are 95 such families. The cones over these surfaces are called simple K3 hyper- 
surface singularities. These singularities were classified and thus Reid's list was 
rediscovered by T. Yonemura Yo . These surfaces include compactifications 
of the 14 exceptional unimodal hypersurface singularities of V. I. Arnold. It 
is well-known that the mirror symmetry between the corresponding families of 
K3 weighted projective hypersurfaces corresponds to Arnold's strange duality 

'Partially supported by the DFG-programme "Global methods in complex geometry' (Eb 
102/4-3). Keywords: mirror symmetry, K3 surface, weight system, weighted projective space, 
singularity, monodromy, zeta function. 2000 AMS Math. Subject Classification: 14J17, 14J28, 
14J32, 32S40. 
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(see e.g. |D2|V S.-M. Belcastro |Ee| determined for which of the 95 families the 
mirror symmetric family is again in Reid's list. 

V. V. Batyrev |Ba| showed that the mirror symmetry of Calabi-Yau hyper- 
surfaces in toric varieties is related to the polar duality between their Newton 
polytopes. M. Kobayashi [Koj discovered that Arnold's strange duality corre- 
sponds to a duality of weight systems and this is related to Batyrev's result. 
K. Saito I^El] observed that Arnold's strange duality corresponds to a duality 
between the characteristic polynomials of the monodromy operators of the cor- 
responding dual singularities. In |Yu[ Lect. 3, Problem 8.5] it is asked whether 
there are any possible relations among all these dualities and mirror symmetry. 
Here we give a partial answer to this question extending |E3| where it was shown 
that Saito's duality can be derived from polar duality. 

We consider weight systems (ai, . . . , a„; /i) with 

n 

< Qq := h — Ci, ao\h. 

Let f{xi, . . . ,Xn) be polynomial of weighted degree h. Then the hypersurface 
X in the weighted projective space given by 

^h/ao j^^^^ . . . ,a;„) = 

is a Calabi-Yau hypersurface (if it is quasismooth) . We introduce a notion of 
coupling of such weight systems which tones down Kobayashi's notion of duality. 
We relate this to polar duality in the same way as in (E3| . The basic notion is the 
notion of a weighted magic square C. The partner weight system corresponds to 
the transpose of this matrix. The natural C*-action on C" induces a monodromy 
transformation on the homology of the fibre 

F = {{Xi, ...,Xn)eC" I f{xi, ...,Xn)^ 1}. 

We consider the reduced zcta function Cc{t) of this monodromy operator. We 
indicate how this rational function can be computed from the matrix C. We 
show that the function C^t (t) associated to the transpose matrix C* is in a sense 
dual to Ccit) which generalizes Saito's duality and coincides with it in the case 
when n = 3 and oq = &o = 1- 

Then we investigate the coupling of weight systems for the weight systems 
of Belcastro's list of mirror symmetric pairs inside Yonemura's list of 95 weight 
systems. It turns out that for any mirror symmetric pair the corresponding 
weight systems are (strongly) coupled. The cases of Arnold's strange duality 
are exactly those with ao = 60 = 1 where the Saito duality holds in its strong 
form. Here the corresponding weight systems are strongly dual in Kobayashi's 
original sense. The 31 cases with ao = 1 and /(xi, X2, X3) = having an isolated 
singularity at the origin are compactifications of the 31 Fuchsian singularities 
classified by I. Dolgachev |D1] , I. G. Sherbak |Sh| . and Ph. Wagreich |Wag| . 
Many, but not all, of them have mirror symmetric partners inside Yonemura's 
list. In 'E4' we asked whether the mirror symmetric families to the Fuchsian 
singularities not involved in Arnold's strange duality and its extension by the 
author and C. T. C. Wall are realized by singularities. Here we find for 7 of 
these Fuchsian singularities singularities which are related to these singularities 
in a way explained in Section 3. 
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Finally we consider the extension of Arnold's strange duality found by the 
author and C. T. C. Wall. This again corresponds to mirror symmetry. Here also 
weighted complete intersections in weighted projective 4-spaces are involved. 
We associate weight systems to these varieties and we show that the mirror 
symmetric pairs have (strongly) dual weight systems. 

The author is grateful to N. Yui for drawing his attention to Belcastro's 
paper. He would like to thank Ch. Okonek for useful discussions. 

1 Duality of weight systems 

An {n + l)-tuple of positive integers = (ai, . . . , a„; /i) is called a weight 
system. The integers are called the weights of and h is called the degree 

of W^a. 

Two weight systems W — {ai, . . . ,an',h) and W' = (a'j^, . . . , a^; h') are equiv- 
alent if there exists a permutation a G ©„ and a rational number A such that 
^o,a(i) — o-'i for z = 1, . . . , n and \h = h' . The weight system is called reduced if 

gcd(ai, . . . , a„) = 1. 

Each equivalence class contains a unique reduced weight system satisfying 

oi < . . . < a„. 

Let 

n 

ao := ft. - ^ a;. 

In the sequel we shall assume that our weight system is reduced, satisfies oi < 
■ • ■ < flnj E^nd that gq ^ 0. 

If oq > and ao|/i then we shall call the weight system a Calabi-Yau weight 
system. The reason for this is the following: Let P(ao,a) = P(ao,...,a„) be 
the weighted complex projective space of weight (ao, . . . , a„), i.e. the projective 
variety ProjC[xo, . . . ,Xn\ where the degree of Xi is a^. Denote by {xq . . . . : 
Xn) the natural homogeneous coordinates of P(ao,a). Let /(xi, . . . ,a;„) be an 
equation of weighted degree h and define 

f{xo,Xi, ...,Xn):= Xq^"" + f{xi, . . .,Xn). 

Consider the hypersurface X :— /~^(0) in P(ao,a). Let C"+^ be the affine 
(n + l)-space with coordinates {xq, . . . ,Xn). Assume that the hypersurface X is 
quasismooth, i.e. the cone Cj^ = {/ = 0} over X in C"+^ is smooth outside of 
the origin. By |D1I Theorem 3.3.4] the dualizing sheaf Uj^ satisfies ujj^ ~ O^. 
Therefore X is a (possibly singular) Calabi-Yau variety. 

We recall some definitions of |Koj . Let Wa = (ai, . . . , a„; /i) and = 
(6i, . . . , 6„; fc) be two weight systems. 

Definition: Let C be an n x n matrix with entries in the non-negative integers. 
The matrix C is called a weighted magic square of weight (Wa, Wb) if 

C(ai, . . . , a„)* = (ft, . . . , /i)* and 
(6i,...,6„)C = (fc,...,A:). 
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Let C = (cij) be a weighted magic square of weight {Wa,Wh). Let B 
be the n x n matrix (cy — 1). Let A be the inverse matrix of B. By [KoL 
Lemma 2.3.5(1)], (det C)/h = {dctB)/ao and (dctC)/fc = (dctB)/&o and both 
numbers are integers. 



Lemma 1 We have 

Proo/. By definition, BA{1, ...,!)* = (!,..., 1)*. We have 




This imphes the first claim. The second claim follows in the same way. □ 

It follows from Lcmma^that the weight systems Wa and Wh can be retrieved 
from the matrix C. 

Definition: A weighted magic square C of weight (Wa, Wb) is called primitive 
if I det C| ^h = k. 

The weight systems Wa and Wb are called dual if there exists a primitive 
weighted magic square of weight {Wa, Wb)- 

Two dual weight systems are called strongly dual if any row and any column 
of C contains at least one zero. 

If two weight systems Wa and Wb are dual, then it follows that k = h and 
^0 = flo- We tone down this definition to include the case when oq 7^ 6o. 
Definition: A weighted magic square C of weight (Wa,Wb) is called almost 
primitive if | det C| = hbo = kao- 

The weight systems Wa and Wb are called coupled if there exists an almost 
primitive weighted magic square of weight {Wa, Wb)- 

Two coupled weight systems are called strongly coupled if any row and any 
column of C contains at least one zero. 

Let C — {cij) be a weighted magic square of weight (Wa,Wb). We now 
assume that ao > 0. We show that the coupling of weight systems is related to 
the polar duality of associated Newton polytopes (cf. |Kol IE3p . 

Definition: The (n— l)-simplex r(a) which is the convex hull of the row vectors 
of the matrix C in M" is called a Newton diagram of the weight system Wa- 

The {n — l)-simplex A (a) which is the convex hull of the vectors 
{h/ai,0, . . . , 0), . . . , (0, . . . , 0, h/on) in R" is called the full Newton diagram 
of the weight system Wa- 

Let A (a) be the n-simplex which is obtained from A (a) by taking the convex 
hull with the origin in M" and translating it by the vector (—1, . . . , —1), i.e. A(a) 
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is the convex hull of the vectors (— l + ft,/ai,— 1,...,— 1), (— 1,...,— 1,— 1 + 
/i/a„), (-1, . . . , -1). 

Definition: Let M C M". Let ( , ) denote the Euclidean scalar product of M". 
The polar dual of M is the following subset of R": 

M* := {y e R" | (x, y) > -1 for all x G M}. 



Lemma 2 The polar dual A(a)* is the n-simplex with vertices vi := (1,0,..., 0), 
(0, ... ,0, 1), Wo := (-ai/ao, . . . , -a„/ao). 

Proof. jKol Lemma 3.2] □ 



Proposition 1 Let V be the convex hull of the vectors vi — vq, . . . , Vn — vq 

in R" . Then, in the coordinate system given by taking the rows of A as basis 
vectors, V is the convex hull of the columns of C , hence a Newton diagram of 
the partner weight system Wh- 

Proof . By Lemma |21 the claim is equivalent to the following statement: 



AC 



( 



\ 



ao ao 
02. Y I a2 



ao 



ao 



ao 



ao / 



If E denotes the n x n identity matrix and 1 the matrix with all entries equal 
to 1, then we have 

AC = A{B + 1) ^ AB + Al ^ E + Al. 
Hence the claim follows from Lemma H O 



2 Saito's duality 

Let C = [cij ) be a weighted magic square of weight ( Wa, Wh) . We shall associate 
a rational function C,c{t) to the matrix C. 

We consider the hypersurface X in C" defined by the equation f{xi , . . . ,Xn) = 
0, where 

f T \ — ^.'=11^1=12 . . . Cl„ I C21 C22 . . . C2„ i i C„i C„2 ^C„„ 

J v^li ■ ■ ■ T •'-'71 J — X 2 71 ~'~ 1 2 n ' ' ' ' ' 1 2 ' ' ' n 

Let 

F -.^ {{Xi, . . . ,Xn) e \ f{xi, ■ ■ ■ ,Xn) ^ 1} 

be the Milnor fibre of / : (C", 0) ^ (C, 0). 

If Wa is a Calabi-Yau weight system, then there is the following relation 
with the hypersurface X in P(ao, a) defined by the equation 

^h/ao _|_ j,^^^^ ...,Xn)=0. 
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Let V be the hypersurface in P(a) := P(ai,...,a„) given by the equation 
f{xi, . . . , Xn) = 0. The mapping 

TTao ■■ X P(a), (a:o,a;i, . • . ,a;«) i-^ (xi, . . . ,a:„), 

is a covering of degree h/ao which is branched along the hypersurface V and 
possibly along the singularities of P(a). Let Xq := X \ tt~^^{V). Let Y be the 
hypersurface in P(l,a) given by the equation Xq + f{xi, . . . ,Xn) = 0. Then 
the mapping tti : Y ^ P(a) is a covering of degree h branched along the 
hypersurface V and possibly along the singularities of P(a). Then Yo := Y \ 
7rf^(F) can be identified with the Milnor fibre F (cf. inHI)- Therefore the 
induced mapping F — Yq Xq is a (possibly branched) covering of degree uq. 
We have a C*-action on C" defined by 

X*ixu...,xn) = (A"ixi,...,A'^"a;„), A e C* . 

Then the C*-action induces a monodromy transformation 9 : F ^ F defined by 

X ^ e^"/'' *x (x e F). 

Let 0* : H*{F) be the induced operator on the reduced homology of 

F. It is the classical monodromy operator of the singularity f{xi, . . . , Xn) — 0. 
Let 

CcW :=n{dct (id-i-0,|5^(^))}^"'^' 

p>0 

be the reduced zeta function of 9. If X has an isolated singularity at the origin, 
the reduced zeta function is related to the characteristic polynomial 4>c{t) of 
the monodromy as follows: 

0c(t) = (Cc(i)) 

The reduced zeta function (c{t) can be computed as follows (cf. |EG2j '). 

For J C Iq = {1,. . . ,n} we denote by \J\ the number of elements of J. 
For J 7^ 0, let Tj := {x £ C" \x, ^ for i ^ J,x, for i e J} be the 
("coordinate") complex torus of dimension |J|, and let aj :— gcd(aj, j G J). 
The integer aj is the order of the isotropy group of the C*-action on the torus 
Tj. Let Xj -.^^ X nTj, Fj -.^ F r\Tj. The operator 9 maps Fj to itself; let 9,, 
be the restriction of 9 to Fj. We have 

ccit)=ii-t)-' n cc../(i), 

,/:|,/|>l 

where Cc,j{t) is the reduced zeta function of 9j. 

Let Zj := Tj/C*, Yj := Xj/C*. Note that if aj does not divide h then 
Zj \ Yj is empty. In this case, Cc,j(i) ~ 1- Suppose aj\h. If we restrict the 
natural projection Tj \ Xj — > Zj\Yj to Fj then we get an (/i/a j)-fold covering 
Fj — > Zj\Yj. The transformation 9j is a covering transformation of it and 
acts as a cyclic permutation of the h/aj points of a fibre. Therefore 
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where x(^) denotes the Euler characteristic of the topological space V. 

The Euler characteristic xi^J \ Yj) can be computed as follows. A subset 
J C Jo is called special if there exists a subset I C Iq with |/| = | J| such that 
Cij = for z g / and j ^ J. Note that in particular J = and J = Iq are 
special. For a special subset J 7^ denote by C/j the matrix {cij Y^j. Define 

:= (1). 

First assume that | J| = 1. Then Zj = pt. The set Yj is empty if and only 
if J is special. In this case, 

Now suppose that | J| > 2. Then x{Zj) = and x{Zj \ Yj ) = -x{Yj). 
Then Yj ^ if and only if J is special or J = /q. In this case, by |BKKhl \Kon\ 
(see also |Val (7.1) Theorem]) we have 

x(r.) = (-1)1^1^^^^^. 

In particular, if J = Iq, then J is special, aj = 1 (since Wa is reduced), Cjj = C, 
and 

For a subset J C Iq denote by J' the complementary set J' :— Io\J. Note 
that if J is special for C then J' is special for C*. For J 7^ let 6 j :— gcd(6j, j G 
J). Define 00 := /i and 60 := fc. 

Summarizing we have proved the following theorem. 

Theorem 1 The reduced zeta functions Qc {t) o,nd C^c^ (t) can be computed from 
the matrix C as follows: 

(c{t) = Jl _ ^Va.7)(-l)l''l + 'aj|dctC/.7|//«^ 

J special 

Cc<t) - II (l_ife/6./')(-l)''^'' + ^VIdctC„,,|/fc_ 
J special 

Remark 1 Let X have an isolated singularity at the origin. Then its Milnor 
number /i ~ rank_ff„_i(i^) is equal to 

M=(-l)"-^ E (-l)'"+'|detC,^|. 

J special 

The dimension of the radical of Hn-i{F) is equal to 

^o = (-i)-i (-i)i^i+i^^^2^. 

J special 

In addition, let n = 3 and let (ai, 02, 03; ft,) be a Calabi-Yau weight system. 
By 'Dl' Theorem 3.3.4] the hypersurface X in P(ao,a) is a simply-connected 
projective surface with dualizing sheaf uj^ = O^. Resolving its singularities 
(which are rational double points) we get a non-singular K3 surface with Picard 
number 

p = 22 - (^ - ^o)- 
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If Ho = 0, then by |E2I Proposition 1] the discriminant of the Picard lattice, 
i.e. the determinant of a matrix of the intersection form on the Picard group, is 
equal to 



(-l)l''l + Vj|dot Cij\/h 



J special 

Following K. Saito |S1[IS2| . for a rational function 

e\h 

we define the Saito dual (rational) function tp*{t) by 

m\h 

In particular, if X^^i^ '^i — 0; then one has 

l\h ^ ^ i\h 

Corollary 1 Let C be primitive, ao = bo = 1, and n = 3. Then 

Proof . By the assumptions, we have h = k, ao — bo — I, and /q = {1, 2, 3}. We 
show that for any special subset J C /q we have 

h 

aj 



detC/jT 

This is clear if \ J\ = 1, J = or J = /q. 

Therefore let | J| = 2. For simplicity we assume that J = {1, 2}. By Cramer's 
rule we have 

This shows that h/\ detC/j| divides ai and 02 and hence aj. Let 

h 



aj 



|detC/j| 



for some integer e > 1. Then e divides C22 — C12 and cn — C21. If we subtract 
the second row of the matrix B from the first row then we obtain the matrix 

cii - C21 C12 - C22 
C21 - 1 C22 - 1 -1 
C31 - 1 C32 - 1 C33 - 1 

Expanding the determinant of this matrix with respect to the first row we see 
that e divides the determinant of this matrix which is equal to det B = \. This 
implies that e = 1 and hence the claim. 
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Table 1: Weighted elliptic plane curves 



Name 


ao, ai,a2;h 


C 


Dual 


Es 


1,2, 3; 6 




Es 


Ej 


1,1,2;4 


9 9 

y ,x^y 


Er 


Ee 


1,1, 1;3 




Ee 



Analogously, one can show that for J special 

k 



hi. = 



\AetCrr\ 

Hence it follows that for any special subset J C Iq 

7^ = \det Crj. \ = I /l, = a J. 
bj' \det Cj.j\ 

Moreover, 

/ ^yj'\+i t'J'\detCrj>\ ^ ,_^y.r\+i ^ / ^y. 7|+i det C/j] 
k h 

Hence the claim follows from Theorem ^ □ 



3 Simple K3 hypersurface singularities 

First consider the case n = 2. Then the (Calabi-Yau) weight systems cor- 
responding to quasismooth plane curves are indicated in Table ^ They are 
self-dual. The corresponding weighted magic squares are given in that table. 
They are indicated as follows: 

x^^^y^'^^x^^'y^^^ 

The corresponding functions f{x,y) — x'^^^y'^^^ + x'^^^y'^^^ have isolated singu- 
larities at the origin. The characteristic polynomial 4>c{t) of the nionodromy 
operator satisfies = (0c (t))"^ (cf. EUIl)- 

Now consider the case n = 3. Then the (Calabi-Yau) weight systems cor- 
responding to quasismooth surfaces have been classified by Reid (unpublished) 
and Yonemura jYo| . The cones over these surfaces are called simple K3 hy- 
persurface singularities. Belcastro |Be) determined the mirror symmetric pairs 
inside that list. 

Theorem 2 Let Wg, and Wb he the weight systems of a mirror symmetric pair 
of simple K3 hypersurface singularities. Then Wa and W^, are strongly coupled 
weight systems. 

For the proof of Theorem |21 we indicate in each case an almost primitive 
weighted magic square C such that each row and each column of C contains at 
least one zero. This is done in Table[21for the weight systems with Oi = bj = 1 for 
some i, j G {0, 1} and in Table|21for the remaining cases. We use the indexing of 
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|Yo| for the weight systems. We list all the weight systems such that the mirror 
family is again in Yonemura's list. In the first column we indicate the index of 
the weight system. Let 

f{x,y,z) = x'^^'y^'^z"''' + x"^' y"^^ z''^'^ + x""' y"^^ z""". 

If f{x, y, z) — defines an isolated hypersurface singularity in Arnold's |Ar| or 
Wall's |Wal| list of singularities, we give the name of the singularity in the second 
column. In the case when ao = 1, f{x,y,z) — defines a Fuchsian singularity 
(for the definition see |E4p . In the cases where there is a name missing we 
indicate the signature {g;ai, . . . ,ar} of these singularities (here 'nh' means 
that the central curve is non-hyperelliptic). In the third column we list the 
weight system. In the 4th column we indicate the weighted magic square C in 
the following way: 

In the column preceding the last one we indicate the index of the partner weight 
system. 

There are examples of strongly dual weight systems where the corresponding 
families of K3 surfaces are not mirror symmetric, e.g. (cf. |Kop 
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1,2,3,6 


;12 


y'-^z, x^y^, 


24 


24 




1,2,4,5 


;12 


y^, x^y^, xz'^ 


8 



The weight systems correspond to the singularities Wifl and Q2,o respectively, 
but the equations f{x,y,z) — are not equations of these singularities, they 
even have non-isolated singularities at the origin. 

By inspection of the Tables 2 and 3, we see that the cases oq = 5o = 1 are 
exactly the cases of Arnold's strange duality. In these cases the matrices C are 
primitive and hence the corresponding weight systems are strongly dual. In all 
other cases the weight systems are not strongly dual but only strongly coupled. 

The remaining singularities with oq = 1 are Fuchsian singularities of sig- 
nature {g; Q!i, . . . , Qfr} with g > 0. They are coupled to weight systems which 
again correspond to isolated singularities. We list these singularities together 
with their partners in Table 01 Here p denotes the Picard number of the K3 
surface corresponding to the weight system on the left-hand side as it can be 
found in the table of )Bej and d denotes the discriminant of the Picard lattice. 
The numbers fi* , /Iq, and d* are the Milnor number, the dimension of the rad- 
ical, and the discriminant of the Milnor lattice respectively of the singularity 
on the right-hand side. For the definition of v* see below. The singularities 
Qn and 5*17 are bimodal singularities belonging to the list of Arnold |Arj of 
the 14 bimodal exceptional singularities. The weight system of the singularity 
V^NClg^ appears in the list of jSI Appendix 1] of regular weight systems with 
11 — 24: (see also jE4.1 Table 3] ) . The singularity VNCj^ is a (minimally) elliptic 
hypersurface singularity and appears in _E1, Table 2] (there we used the name 
V^NC(^i-^). The singularities Z25 and W25 also appear in the lists of Arnold |Ar| . 
They have modality 4. The singularities V^g and A^33 do not occur in the lists 
of |Ar| and |Wal) . Here we use as names the name of the series (according to 
| Arp to which they belong indexed by the Milnor number. 

There is the following relation between these singularities. The K3 surfaces 
corresponding to the weight systems on the left-hand side are compactifications 
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Table 2: Coupled weight systems with a, = 6j = 1 for i = or i = 1 



INo. 


Wamc 


ao, ai, 02, 03; ft 


C 


Partner 


14 


£^12 


1,6, 14, 21; 42 


7 '-i 2 


14 






6, 1, 14, 21; 42 


21 2 
x'"^z, y^, z^ 


28 






1 1/1 01-/10 


x^^y^ ^ z'^ 


40 






14, 1, 0, 21; 42 


^36„ 7 .,2 

x''°y,y',z^ 


51 


28 




3, 1, 7, 10; 21 


™21 „ 3 ™„2 

X ,y , xz 


14 






1 7 1 A. 1 

0, 1, 7, 10; 21 


11 3 2 

a; z, y , xz 


28 






3, 1, 7, 10; 21 


14 3 2 

X y, y , xz 


45 






7, 1, 0, lU; 21 


x'^^y,y'^,xz'^ 


C 1 

51 






4, 1, y, 14; zo 


x^^, xy^ , z^ 


1 A 

14 






4, 1, 9, 14; 28 


14 32 
X z,xy^ , z 


28 






4, 1, y, 14, Zo 


x^^y, xy^, z^ 


40 






1/11 /I A. 00 

14, 1, 4, y; Zq 


24 7 3 

X y, y , xz 


c 1 
51 


51 




101 CIO. oa 

12, 1, 0, lo; 00 


x^^, xy^, z^ 


1 A 

14 






12, 1, 5, lo; 00 


-10 72 
X z, xy , z 


00 

2o 






101 CIO. 

lo, 1, 0, iz, 00 


x^^z, xy'"', z"^ 


A 

40 






IZ, 1, 0, lo, 60 


31 72 
a; y,xy ,z 


Kl 
01 


OU 




1 yi in 1 cc. on 
1, 4, lU, lo; oU 




OQ 
00 






1 C 1 /I 1 A OA 

15, 1, 4, 10; 30 


26 5 3 

X y, y z, z 


77 


OO 


^11 


i, 0, 0, 10, oU 


X , xy , z 


OU 






10, 1, 0, c5, OU 




89 
oZ 






1 Q 1 Pi 7- Of^ 

io, i, 0, ( , 




ou 






J.O , X , , 1 , ^Ll 




89 


82 




11 1 S 7- 22 


0^22 7»;y3 


38 






11 1 7- 99 

li, 1, 0, ( , zz 


19 5 3 
X 1/, 7/ Z, XZ 


77 


io 




1 Q Q 1 0- 0/1 
1, 0, 0, IZ, Z4 


X z,y ,z 


zU 






0, 1, 0, iz, z4 


/»21„, ,1 j4 -.2 

^ y^y 


oy 


20 




1 6 8 q- 24 




13 






8 1 fi Q- 94 

0, 1, D, y, Z4i 


<Y* fi 1^ *i/^2 

2; z,y ,yz 


79 
/ z 


59 




7 15 8- 21 


914 9 

5 '^'i/ 5 y^ 


13 






7 1 5 8- 21 


13 4 2 

X z, xy . yz 


72 


72 




5, 1,2, 7; 15 


x^^ , v'^z. xz^ 


20 






5, 1,2, 7; 15 


13 4 9 

X •^y, y z, xz 


59 


78 


Zl2 


1,4,6,11;22 


x^y, xy"^, z^ 


78 


39 




1,3, 5, 9; 18 


x'^z, xy'^, z^ 


60 


60 


On 


1,4, 6, 7; 18 


339 
x'^y, y^, xz 


39 


22 


Ol2 


1,3,5,6; 15 


x'^'z, y'\ xz^ 


22 


9 




1,4, 5, 10; 20 


2 2 
x^, z , y z 


9 






4, 1,5, 10; 20 


x^^y.z'^.y^z 


71 


71 




3, 1,4, 7; 15 


1 ^ 99 

X , xz , y z 


9 






3, 1,4, 7; 15 


a;"y,a;z^,2/^2: 


71 


37 




1,3,4,8; 16 




58 


58 


5*11 


1,4,5,6; 16 


4 9 2 

X , xz , y z 


37 


87 


'S'l2 


1,3,4,5; 13 


x'^y, xz"^, y^z 


87 


4 


Ul2 


1,3, 4, 4; 12 


x'',y^,z^ 


4 
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Table 3: Coupled weight systems: remaining cases 



No. 


Name 


ao, ai,a2, 03; h 


C 


Partner 


12 




6,1,2,9; 18 


x^z, x'^y^, z^ 


27 






6, 1,2,9; 18 


x^^y, x'^y^, z^ 


49 


27 




8,2,3, 11; 24 


x^y^, y^, xz^ 


12 


49 




14, 2, 5, 21; 42 


x^^y^ ,xy^ .z^ 


12 


40 




7, 1,2, 4; 14 


x^'^z, x'^y'^, yz"^ 


81 


81 




13, 2, 3, 8; 26 


x^0y2^ y^-z, xz^ 


40 


24 




4, 1,2, 5; 12 


x^'^ ,x^y^ ,yz^ 


11 


11 




10, 2, 3, 15; 30 




24 


6 




2, 1,2, 5; 10 


x^z, x^y'^, z^ 


26 






2, 1,2, 5; 10 


x^y,x^y^,z^ 


34 






5, 1,2, 2; 10 


X z, x y , yz 


76 


26 




4, 2, 5, 9; 20 


x^y'^,y^, xz"^ 


6 


34 




6, 2, 7, 15; 30 


x^y"^, xj/^, z^ 


6 


76 




13, 2, 5, 6; 26 


x^y'^, y^z, xz'^ 


6 


10 




4, 1,1, 6; 12 


x^^y,y^z,z^ 


65 






6, 1,1,4; 12 


x^'^y,y^z,z^ 


80 






4, 1,1, 6; 12 


x^'^, xy^^, z^ 


46 


65 




11,3,5,14; 33 


x^^,xy^,yz'^ 


10 


80 




22, 4, 5, 13; 44 


x^^,xy^,yz^ 


10 


46 




22, 5, 6, 33; 66 


x^'^y, y^^,z'^ 


10 


42 


Z2,0 


1,1,3,5; 10 


x^z, xy^, z'^ 


68 






5,1,1,3; 10 


x^y,y'^z,xz^ 


92 






5, 1,1, 3; 10 


x^y,y^°,xz^ 


83 


68 


Ql7 


3,4, 10, 13; 30 


coo 

x°y,y',xz'' 


42 


92 




19, 3, 5, 11; 38 


x^z,xy'^,yz^ 


42 


83 




27, 4, 5, 18; 54 


x^z, xy^'^, z^ 


42 


25 




1,1,3,4;9 
3,1,1,4;9 


n — 

x°y,y',xz^ 

x''y,y''z,xz^ 


43 
88 






3,1,1,4;9 


x^y, y^ , xz^ 


48 


43 


Z25 


4,3, 11, 18; 36 


x^z, xy^, z^ 


25 


88 




9, 2,5, 11; 27 


x''z,xy'',yz^ 


25 


48 




16, 3, 5, 24; 48 




25 


7 


X2,0 


1,1,2,4;8 


n 7 — 

a;''?/, y^z, 2^ 


64 


64 


Sij 


3,4,7, 10; 24 


x^,y'z,xz'^ 


7 


66 


^2,0 


1,1,2,3;7 


7 '2 '1 

X , , y z 


35 


35 


W25 


4,3,7, 14; 28 


7 22 
x'y,z^,y''z 


66 


21 


2; 2 


1,1,1,2;5 


x'^y,y^z,xz^ 


86 


86 




1,1,1,2;5 
5, 4, 7, 9; 25 


4^2 
X y, y , xz 

x^z,xy^,yz'^ 


30 
21 


30 


N33 


8,5,7, 20; 40 


X z, xy°, z 


21 


5 


2; 


1,1,1,3;6 


'i '> 
X y, y z, z 


56 






3,1,1,1;6 


6 5 5 

X , xy , yz 


73 


56 


VNCls 


5,6,8, 11; 30 


X , xy , yz 


5 


73 




25, 7, 8, 10; 50 


x^y,y^z,z^ 


5 


1 


3; (nh) 


1,1,1,1;4 


X*, xy"^, yz'^ 


52 


52 




9,7,8, 12; 36 


4 ^ ^ 
X y, y z, z 


1 


32 




2,2,3,7; 14 


xy'*,xV,^^ 


32 
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Table 4: Fuchsian singularities with <? > and their partners 



No. 


Name 




Mo 


P 


d 


6o 


d* 


mS 


M* 


V* 


Name 


No. 


42 




21 


2 


3 


2 


3 


-6 





17 





Ql7 


68 


7 




21 


2 


3 


4 


3 


-12 





17 





S'i7 


64 


21 


2; 2 


24 


4 


2 


-5 


5 


25 





24 







86 














8 


-10 





33 


6 


N33 


30 


5 


2; 


25 


4 


1 


2 


5 


-10 





19 





VNCl, 


56 


25 




20 


2 


4 


-3 


4 


-6 





25 


2 


Z25 


43 


66 


''2,0 


20 


2 


4 


-7 


4 


-14 





25 


2 




35 


1 


3; (nh) 


27 


6 


1 


4 


9 


-12 





29 


6 




52 



of the corresponding Fuchsian singularities. Let g(x,y,z) = be the equation 
of a singularity on the right-hand side. Let Wb = (61,62,^3;^) be the weight 
system of this singularity. Let X* be the hypersurface in P(6o, ^1, ^2, ^3) given 
by the equation w*^/'") + g(x, y, z) — 0. As in Section 2 we consider the natural 
mapping 7rb„ : X* ¥[bi,b2,bz). Let X* := X* \ Tr^^^{V*) where V* is the 
hypersurface in P(6i,52,63) defined by g{x,y,z) — and let F* be the Milnor 
fibre of g : (C'^,0) (C,0). Then we have a mapping F* Xq which is 
a (possibly branched) covering of degree bo. Denote by v* the total branching 
order of this covering. One can easily see that this covering is either unbranched 
or branched along the singularity (0 : : 1) ^ T^* of P(6i,62,^3) of branching 
order v*. Then we obtain from the Riemann-Hurwitz formula in all cases 

fi* + 1^* + 1 = bo{p + 3). 

4 Extension of Arnold's strange duality 

The author and C. T. C. Wall |EW| have found an extension of Arnold's strange 
duality embracing also isolated complete intersection singularities. Such a sin- 
gularity is defined by the germ of an analytic mapping {g, /) : (C^, 0) {C^, 0). 
It is weighted homogeneous of weights 91 , 92 , 93 , 94 and degrees di , d2 where we 
assume c?i < d2 and where we have 1 + qi + q2 + + = di + d2. We con- 
sider the compactification of such a singularity in the weighted projective space 
P(l, <72, 93, 94) with coordinates w, x, y, z, t given by the equations 

g{x,y,z,t) = 0, 
fix,y,z,t) + w''' = 0. 

More precisely, this correspondence embraces the following singularities. We 
use the notation of |E3| . 

(a) Arnold's 14 exceptional unimodal hypersurface singularities. 

(b) The six bimodal hypersurface singularities J^^o (12), Zi^g (40), Q2,o (24), 
Wi,o (8), 51,0 (63), Ui,o (18). The compactifications of these singularities 
occur in Yonemura's list. The index is indicated in brackets. The first 
three of these singularities already occurred in Table |3| 
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Table 5: Extension of Arnold's strange duality 



No. 


Name 


ao, ai, 02, as; h 


C 


Dual 


12 




1,2,6,9; 18 




^9 


40 




1,2,4,7; 14 




7' 

^10 


24 


Q2S) 


1,2,4,5; 12 


x'^y'^,y^, xz"^ 


/" 


8 




1,2,3,6; 12 


x'^z, z , y z 




63 




1,2,3,4; 10 


99 
X z, xz , y z 


-f'^ll, -^^11 


18 


Ui.o 


1,2, 3, 3; 9 




Mil 






1,6,2,9; 18 


x'^, x'^'y'^, z^ 


12 




T' 

•^10 


1,4,2,7; 14 


x^y, x^y^ , z^ 


40 






1,3, 2, 6; 12 


x^z, x^y^ , z^ 


24 






1,4,1,6; 12 


a; , 2; , xy z 


8 




K[i,Lii 


1,3,1,5; 10 


^99 
X y^ z , xy z 


63 




Mil 


1,3,1,4;9 


^9 9 
a; , a;?; z, yz 


18 




p 

•^2,0 


1,2, 2, 5; 10 


x'^y'^^x^y^, z^ 


7' 

'^2fi 






1,2,1,4;8 


9 2 9 

a; z, z , xy z 






Mi,o 


1,2,1,3;7 


x^y,xy'^z,yz'^ 


Mi,o 




^1,0 


1,2,3,0;6 


x'^, y^z^, y^z 


^1,0 



The remaining singularities are ICIS defined by the germ of an analytic mapping 
((7, /) : (C^, 0) (C^, 0) as above. Here we distinguish between three types: 

(c) The singularities Jg, J{q, Jh, if(g, K.'w^ J20' ^10 where g{x,y,z,t) = 
xt - y2, fix, y, z, <) = fix, y, t) + z^ for some /' : (C^, 0) ^ (C, 0). 

(d) The singularities Lio, -^11, Afn, ii,o, -Mi^o where gix,y,z,t) = xt — yz. 

(e) The ICIS /i,o given by 

gix,y,z,t) = x^-yt, 

fix,y,z,t) = ia + l)x^ + yz + z'^ + zt, a ^0,1. 

The correspondence between these singularities is indicated in Table [3 The 
compactifications of all these singularities are K3 surfaces and the dual families 
are mirror symmetric. 

We also relate this correspondence to a duality of weight systems. For this 
purpose, we associate a Calabi-Yau weight system to an ICIS as follows. In the 
cases (c) and (d) we associate the weight system (1,91,52 — qi,<l3',d2) to the 
singularity (X, 0) . Since di = gi + (74 , this is a Calabi-Yau weight system. 

In case (e) we associate the weight system (1,^1,92,93 — <l2]d2) to the sin- 
gularity /i Q. Since di — q2 + q4, we have 1 + qi + q2 + — q2 = d2- However, 
03 := 93 - 92 = 0. 

Then we have the following extension of Theorem |21 

Theorem 3 Let and Wb be the weight systems of a mirror symmetric pair 
of the above singularities. Then and Wh are strongly dual. 

In each case, a primitive weighted magic square C is indicated in Table[Sl For 
a singularity of type (b), the matrix C corresponds to some points of the Newton 
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diagram. The corresponding function f{x,y,z) has a non-isolated singularity 
at the origin and does not define the given one. These points differ from the 
points given in jE3| . The points there correspond to non- primitive (and even 
not almost primitive) matrices C. 

For the ICIS of types (c) or (d) , one obtains some points of a Newton diagram 
of the Laurent polynomial associated to the singularity in jE3j by subtracting 
the second column of C from the first one. In case (e), one has to subtract the 
third column from the second one. 

In all cases, the reduced zeta function Cc{t) differs from the characteristic 
polynomial A(t) of the monodromy of the corresponding singularity only in the 
exponents: If 

m\h 

then ^ 

cc(<)=n(i 

m I h 

where — —1, 0, 1 if Xm < 0, Xm = 0, Xm > respectively. From Corollary ^ 
we get Saito's duality of the characteristic polynomials of the monodromy up 
to the absolute value of the exponents. 

For a generalization of the construction of the polar dual in §1 for this 
extension of Arnold's strange duality which precisely yields Saito's duality we 
refer to [E3| . 

By inspection of Table[Slwe observe the strange fact that the weight systems 
associated to the ICIS with the exception of /i_o again occur in Yonemura's list. 
However, comparing (Be. Table 3] and |E2l Table 6], we see that the Picard 
lattices of the corresponding K3 surfaces are different. If we omit the zero in 
the weight system of Ii^, we obtain the weight system of Eg. 
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